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This paper discusses the approximation by a class of so called exponential- 
type multiplier operators. It is proved that such operators form a strongly con- 
tinuous semigroup of contraction operators of class {^q), from which the equiv- 
' alence between approximation for these operators and ii'-functionals introduced 

' by the operators is given. As examples, the constructed r-th Boolean of gener- 

(-H ' alized spherical Abel-Poisson operator and r-th Boolean of generalized spherical 

. Weierstrass operator denoted by ®^V^ and ®^W^ separately (r is any positive 

integer, < 7, k < 1 and i > 0) satisfy that || e'' f - f\\x « uj''^ {f ,t^'^)x 
and II e'' W^f - fWx ~ ^^'■^(/^ ^1/(2^))^^ for ah f e X, where A" is a Banach 
space of continuous functions or £^'-integrable functions (1 < p < 00) and || • \\x 
' is the norm on X and (jj'^{f,t)x is the moduli of smoothness of degree s > for 

' f £ X. The saturation order and saturation class of the regular exponential- type 

' multiplier operators with positive kernels are also obtained. Moreover, it is proved 

. • ■ that ®'^V? and have the same saturation class if 7 = 2k. 
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^ ; 1 Introduction 

The study on spherical approximation started early in 1960's when Butzer, Berens and 
Pawelke (see [2]) studied the saturation properties of singular integrals on the sphere. 
Since 1980's, the approximation theory on the sphere has been developed by Nikol'skii, 
Lizorkin et al. and since 1990's, Wang, Li and Dai et al. pursued the research of 
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approximation theory on the sphere (see for example Some classical theorems 

in the case of one dimension, for example, Jackson-type theorem, were generalized to 
the sphere (see [23] )• The approximation tools then were mainly polynomial operators, 
say, spherical Jackson operators (see [22]) and de la Vallee Poussin means (see [3]). 
In recent years, the study on spherical approximation has attracted more and more 
attention of researchers. There have been many interesting works in this field, such 
as [8]-[13j. [17j . In particular, we notice that as a non-polynomial operator on the 
sphere, the classical Abel-Poisson operator was studied by Dai and Ditzian [8j, where 
the equivalence between approximation by Abel-Poisson operators on the sphere and 
the i^-functional introduced by their infinitesimal generator was given. 

This paper is mainly about the approximation by non-polynomial operators on the 
sphere, namely, a class of exponential-type operators denoted by {Tp{t)\0 < t < oo} 

oo 

with polynomial p{x) and < 7 < 1, in the form of Tp{t)f = ^ e'^^^^^^^^Yf^f (/ G X), 

k=0 

where y^/ is the k-th term of the Laplace expansion of / on the sphere. Tp(t) is called 
regular if the coefficient of the first item of p{x) is positive, p(0) = and the degree of 
p{x) is larger than 0. These regular operators with positive kernels are proved to form 
a semigroup of class {^o)- 

The semigroups of operators were early studied by Hille and Phillips (see [T9]). 
Later, in 1960's, Butzer and Berens studied the approximation properties of semigroups 
of operators (see [2J)- By Ditzian and Ivanov's method (see [lii Sec.5]), we will prove 
that for a class of exponential-type multiplier operators that form a semigroup of class 
(^0) and for r € there holds 

||(r(t) - ly/y « inf (||/ - + U^oh) (i) 

if {T{s)\s > 0} possesses additive properties that T{t)f € 'Di{A) for all t > and 
f X and A satisfies the further following Bernstein-type inequality 

t\\ATit)fU<N\\fy {t>0,f€X), (2) 

where Vi^A^) = {g & X\ A^g £ X} and r-th power of multiplier operator A. 

It will be proved that the regular Tp{t) with positive kernel also satisfies ([2]). Hence 
dU holds for T^{t). Noticing (/ - T{t)Y f = f - ®''T{t)f, here e^r(t) is defined as 
the r-th Boolean of T{t), we shall obtain the equivalence between the approximation of 
(B^Tp{t) and X-functional introduced by the multiplier operator, actually infinitesimal 
generator of |Tp (t)|0 < t < cxd}. In terms of convolution, we shall also obtain the sat- 
uration order and saturation class of Booleans of the regular ©Tp (t). The generalized 
spherical Abel-Poisson operators and generalized spherical Weierstrass operators 
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that were introduced by Bochner in [SJ P. 43-47] and [4, P. 84] respectively, are 
actually the examples of regular exponential-type operators with positive kernels. Thus 
follows the equivalence between approximation of ®^V^ or (B^'W^^ and the moduli of 
smoothness on the sphere. It is also discussed that the saturation properties of ®^V^ 
and e^'Wt^. 

The paper is structured as follows. In Section 2, some basic concepts will be in- 
troduced. Section 3 discusses the properties of some spherical function classes as well 
as K-functionals that are introduced by multiplier sequences. Section 4 consists of our 
main results and their proofs. In Section 5, the results of previous sections are applied 
to (B^Vj^ and (B''"Wl^. Our main results are Theorem 4.2.3, Theorem 4.2.4, Theorem 5.3, 
Theorem 5.4 and Theorem 5.5. 



2 Preliminaries 

Denote by letters C, Ci or C{i) positive constants, where i is either a positive integer, 
variable, function or space on which C depends only. Their values may be different at 
different occurrences, even within one formula. The notation a ~ 6 means that there 
exists a positive constant C such that C~^h < a < Cb. Denote by f{t) = 0{t) which 
means there exists some constant C independent of t such that \f{t)\ < C\t\, here fit) 
is a function with respect to t and we write f{t) = o{t) if f{t)/t tends to zero as t ^ oo 
or as t —7- to where to is a real number. The collection of all positive integers are denoted 
by Let S" be the unit sphere in (n + l)-dimensional Euclidean space M"+^. x and 
y are denoted as the points on and x ■ y denotes the inner product in M""''^. Denote 
by dujn{x) the elementary surface piece on and by doj[x) for convenience if there's 
no confusion. The volume of S" is 

2W2 



s"! := f doj{i 



r(n/2)- 

Denote by /^^(S") the Banach space of p-th integrable functions / : S" — ?> C (C is the 
collection of all complexes) with norm |[/|loo := '■= ess sup |/(x)| and 



CP ■■=\\f\\cp{sr^)-= y^JfixWduj{x)^ <oo (l<p<oo). 

Denote by C(S") the Banach space consisting of all continuous functions / : S" ^ C 
with norm ||/||c := max|/(x)|. Denote by Al(§") the collection of all finite regular 
Borel measures on §" (the range is also in C) and it is a Banach space with norm 
IImIIai := /sn \dfiix)\. CP{W') {1 <p< oo), C(S") and M(S") may be replaced by CP, 
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C and A4 for convenience. Denote by X either Cp{S'^) {1 < p < oo) or C(S"). The dual 
space of X, the collection of all bounded linear functionals on X, is denoted by X* . 

A function / on W^'^'^ is called harmonic if A/ = where A = + + • • • + — 
is the classical Laplace operator on M""*"^. The collection of all homogeneous and 
harmonic polynomials on W^+^ is denoted by A^. And the collection of restrictions on 

of all functions in is denoted by V.]^. Denote by the collection of restrictions 
on S" of all polynomials on M"+^ which is dense in X and any polynomial restricted on 

with degree k £ Z_|_ is in span{^"|0 < j < A;}, the linear combination of 'H", 7^2 ; 

njn 

Definition 2.1 The r-th (r G Z_|_) Boolean of an operator T on X (an operator from 
X to X) is defined as 

r / 

r 
i 



i-{i-TY = -Y.{-iyi.)r 



where f , I := —r, ttt and := I. 



kj ■ A;!(r-A:)! 

The projection on of / G >C^(S") is defined by (see ^ Chap.l] and [251 Chap.l]) 
Yk{f)ix) := ^^^^^^tt Pkix • y)f{y) dioniy) 

and for fi £ A^(S"), Yk{dfi){x) := ^^^^1++^^ [ {x ■ y) dfi{y), where 2A = n - 2, and 
-Pfc |t| < 1, A; = 0, 1, 2, . . . , 1/ > — 1/2 is the ultraspherical polynomial (Gegenbauer 

oo 

polynomial) of degree k with u and is generated by (1 — 2tr + r^)^*^ = ^ P^(t)r'^ (0 < 

A;=0 

r < 1). {i'^(i)}fc^Q forms an orthogonal system with the weight (1 — t'^Y~^^'^, that is, 
for 1/ > -1/2, i^^O (see [Ml P- 81]), 



1 

p^{t)p^{t){i-t^y-^/^ dt 

-1 



Pncos0)Pf(cos0)(sin0)2-(i0= I ^'^^^'''^^ ' 
[0 {k^j). 

where c(A:, z^) := (22^^-1 (r(z/))2 (A: + v)T{k + l))/{i:T{k + 2v)). Now let = A := 

(n - 2)/2 > 0, then (see [SI P. 171]) 

P,\t)|=0(fc2A-i). (4) 

A function f £ X \s called a zonal function with xq on S" if for some fixed xq G , 
f{xQ-y) is a constant when x^-y is unchanged. The collection of all zonal functions with 



4 



xq in £P or C is denoted by £^(S",xo) (1 < p < oo), Ca(S", xq) {C^, Cx for convenience 
if there's no confusion). £^(S",xo) (1 < p < oo) with norm 

\v{x-y)\Pdu{y)j =||S-i|y^ |vp(cose)r(sin0)2^d0| , (5) 
Ca(S",xo) with norm ||v?||ca •= sup \ip{cos6)\, and A^;^(S'^,xo) with norm := 

0<e<7r 

|S"^^| / \d^*{d)\, where fi* is the corresponding function in Al[0,7r] of the measure 
Jo 

/X G S"' (actually there is a bijection between A4x(E>'^,xo) and some subset of A^[0,7r], 
see da P. 250-252] and [21 P. 204 and P. 209]), are all Banach spaces. 

For / € £^(S") and if G £5^(S"), the convolution of / and the zonal function tp is 
defined by 

(/*^)(x):=/ f{yMx-y)duiy) (x G S"). (6) 

The convolution of -0 £ 'Ci(S") and fx G A^(S") is defined by {^p * d^){x) := 
/ 'il){x ■ y)dfi{y). The convolution of / G C^{S"') and the zonal measure /x G A^aIS"') 
with xo is defined by 

if*d^l){x)■.= [ f{y)d^My) (xGS'^), (7) 

where fxfJ'iE) := iJ,{pE), px = xq, for all measurable subsets E C S^'' (Please refer to 
[2| Chapter 1], [251 Chapter 1] and [15] for further details on convolution). 
Remark 2.2 In this paper, we follow the definition of convolution in f25\j and Young's 
inequality still holds on the sphere. 

Definition 2.3 (see [21 P. 254]) Let two function spaces y and Z either be C(S"), 
/:p(S") {I < p < oo) or A^(S"). A sequence {a^ G C| = 0,1,2,...} is called a 
multiplier sequence from y to Z if for each f ^ y, there exists g ^ Z whose Laplace 
expansion is as follows Y^g = \/{k + A) akY^f {k = 0, 1, 2, ... ). The collection of all 
multiplier sequences from y to Z is denoted by {y,Z). For y = Z, {a^j^Q is called 
a multiplier sequence on y. 
Remark 2.4 By [221 P. 222-P. 231] 

{M,M) = {C,C) = {C\C^) c {CP, CP) c {C\C^) (l<p< oo). 

Definition 2.5 An operator T on X is called a multiplier operator with a sequence 
{«fc}r=o «^ ^ if for each f eX,Tf and Yk{Tf) = aMf) (A; = 0, 1, 2, . . . ). The 
operator T'^ (a > 0) defined byT'^f ^ ^2^=0 ~ ('^i^))'^^kif) , where "~" is in the sense 
of distribution (see P. 323-325] and ^18, Section. 1]), is called the fractional differen- 
tial operator if T^'f G X. Denote the domain ofT"' by Di(r") = {f e X\ T°'f G X}. 
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Denote by llTH^f the norm of an operator T on X. Then the collection of endomor- 
phisms of X denoted by ^{X) is a Banach algebra with norm ||T||;t:' (see [6| P. 7]). 
Definition 2.6 (see [G^j P. 7-8]) // T[t) is an operator function on the non-negative 
real axis < t < oo to the Banach algebra S'{X), in the following conditions, if dH) 
is satisfied, {T{t) \ <t < oo} is called one-parameter semigroup of operators in S'{X) 
and it is said to he of class ('^o) if it satisfies the further property 

T{ti + t2) = T(ti)or(t2) (ti,t2 >o), r(o) = /, (8) 

s-lim T(t) = I, (9) 

where Ao B means the composition of operators A and B, I is the identity operator on 
X and s— lim ft = f denotes the strongly convergence which means \\ft — f\\x tends to 
zero as t ^ 0+. T(t) is called to have contraction if it satisfies 

||T(t)/|U < ll/IU if^X). (10) 

Definition 2.7 (see [6l P. 11]) The infinitesimal generator A of the semigroup 

T(t)f - f 

{T(t)\0 <t< oo} is defined by A := s — lim , whenever the limit exists; 

t-s>o+ t 

the domain of A is, in symbols 'D{A), being the set of elements f £ X for which the 
limit exists; for r = 0,1,2, ... , the r-th power of A denoted by AJ' is defined inductively 
by the relations A^ = I, A^ = A, and 



P(X) := {/I / G P(X-i) andA'-'f G V{A)}, 



T(f\ — T (11) 

X/ := ^(X-V) = s-lim A'-'f if G V{An). 

t^o+ t 

For r G V^A"^) is a linear subspace and is a linear operator. 

If an operator T in S'{X) can be expressed in the form of convolution ([61) or ([7]), then 
if, iIj £ C\ov £ M.\ there is called the kernel of T. The Cesaro mean of / G denoted 
by cj°(/) is defined by (see for instance [251 P. 49]) cj°(/) = (IM^ ) Ei=o ^fc-i^i/- 
where a is a complex whose real part is not less than — 1, A; G Z+ and A'^ = C^^") = 
T{k + a + l)/(r(a + l)r(A; + 1)) [k G Z+), is the generalized combination number. For 
a > A = (n — 2)/2, there holds (see for instance Theorem 2.3.10 in [25, P. 54-55]) 

\\cTt{f)\\x<C{n,a,X)\\f\\x {keZ+,feX). (12) 

For any sequence {/^fc}fcLo' denote = l^k — /"fc+i (A; = 0, 1, ... ) and 6^~^^fj.k = d{S^fik) 
(i = l,2,...). 

The definitions of moduli of smoothness on the sphere are given as follows (see 
for instance [23 P. 56- P.57, P. 183-184]). The translation operator on £i(S") is de- 
fined by Se{f){x) := (|S"-2| sin"-i e)-' / f{y) dcOn-i{y) {0 < 9 < vr). Let 

J x-y=cos 9 
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a > 0, 6 > 0. The multipUer operator on X is cahed the finite difference of de- 
gree a with step 9, defined by := (/ - S'e)t = § (-1)'= (|) (^e)^, where (|) := 

if (f-l)...(f-/c + l). 

Definition 2.8 Let f £ X , a > 0. The moduli of smoothness of degree a of f is 
defined as uj°'{f,t)^: := sup 1 1| A^/Ha- : < 6* < t| (0 < t < tt). 

Definition 2.9 (see for instance [nj P. 323-325]) Let f £ X , t > 0. The K-functional 
introduced by multiplier operator A with multiplier sequence {ofcj^Q is defined as 
KA{f,t)p,:= inf \\\f-g\\^ + t\\Ag\\A, here 

'Di{A) = \ f e -^Ithere exists g € X such that a{k)Ykf = Y^g, k = 0,1,2,... >. (13) 



Particularly, for the X-functional introduced by (a/2)-th Laplace-Beltrami operator 

Z)"/^ with the multiplier sequence | ( — k{k + 2A))"''^| (a > 0), there holds 

I- J k=0 

Kj,^/,UX)x^^''U,t)x, (14) 

which was finally proved by Riemenschneider and Wang (see [53]). One might also 
define ii'-functional introduced by infinitesimal generator as follows. 
Definition 2.10 (see 0[ Section 3.4]) Suppose {T{t)\0 < t < oo} a semigroup of 
operator of class (^q) in <§{X) and let A he its infinitesimal generator. For f £ X , 
the r-th K-functional introduced by A is defined by K*Ar{f,t)x '■= inf < \\f — g\\x + 

tWA^'gWx^ , here 'D{A'') is defined by Definition 2.7 and A^' denotes the r-th power of 
infinitesimal generator A. 

Finally, it is worth mentioning here the concept of saturation for operators on X 
(see [2^, P. 217]), which was first proposed by Favard in [16j. 

Definition 2.11 Let <^{p) be a positive function with respect to p, < p < oo, 
tending monotonely to zero as p ^ oo. For a sequence of operators {/p}p>o if there 
exists IC^ X such that 

(i) If \\Ip{f) - /lip = o{^{p)), then Ipf = f for all p > 0; 

(ii) \\IpU) - /lip = '^i'fiP)) ^'^d only if f e /C; 

then Ip is said to be saturated on X with order 0{ip{p)) and K. is called its saturation 
class. 
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3 Classes and iC-Functionals Introduced by Multiplier Se- 
quences on the Sphere 

Let ip{x) be a function from M to C, define 7i ^{'i/'(^)}^oj ■= |/ £ ^\ there exists g G 

X such that ^/'(A;)Yfc/ = Yfc(7 for /c = 0, 1, . . . |, and denoted by ?^(^(A;); A:") for conve- 
nience. 

Theorem 3.1 Suppose that il^o{x) and (po{x) are functions from [0, +oo) to C and 
there exist vi, ^2 € M such that tpix) = e'"'"'^'^ ip(){x) and ip{x) = e™^^Lpo{x) are both 
real valued functions. And < lim (ip(x)/(p(x)) = cq < +oo and ip(0) = ^p(0) = 0, 
setting 



9{t) :-- 



^{t-\ 
Co, t = 



< t < +00, 



if g{t), {g{t))~^ G C^''^+^[0, +oo) (C^'^+^[0, +oo) is the collection of real functions on 
[0,+oo) that are (2A + 2) times continuously differentiable) , then for —oo < s < +oo, 
there holds 

Proof. We first prove that for any s G (— oo, +oo), 

belongs to {M,M). In fact, for any k G Z+, gi{t) = ig{t)Y G €'^^+'^[0, +oo) allows us 
to use Taylor's formula for gi{t) on [0, 1/k] at t = 0, that is, there exists < < l/Zc 
such that 

(15) 



(2A + 2)! \k 

We deduce from the assumption that g^^\(S), i = 0, 1, . . . , 2A + 1, are constants depend- 
ing only on tp, ip, s and n, and 



(2A+2).^ ^ 



<C(¥P,V,s,n). (16) 



Multiply (|15|) by (n -1- A)/A, then according to Definition 2.3, one can verify that the 
sequence consisting of the first term (^gi{0){k + A)) /A = [co{k + A)) / X {k = 1,2, . . .) 
belongs to {M,M). JT, I, P. 202-203] proved that {k + X)/k°' (a > 0) are Gegenbauer- 
Stieltjes-coefficients of some measure in A4. For the last term of (|15p . we estimate the 
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following series that 

here the inequality is due to (fT6|l and ([1]). Thus, there exits //i € A^a(S") such that 

-. oo (2A+2) N / ^ \ 2A+2 i , \ 

It follows that the Gegenbauer-Stieltjes-coefficients of fii are 

jA 



= |S"|c(j, A) I P^^ {cos 9)dfiU9) 

{j = l,2,...). 



. , , (2A+2) N /-, X 2A+2 



A (2A + 2)! Vi, 

Lemma 5.3.1 in [2", P. 255] tells us that a sequence is Gegenbauer-Stieltjes-coefficients 
of some zonal measure on if and only if it belongs to {M,Ai), hence, 

( , , \ (2A+2).^ \ /I \ 2A+2^ 



A (2A + 2)! \k 

V ' ) fc = l 

are Gegenbauer-Stieltjes-coefhcients of /xi, which implies that 

belongs to (7W,A4). By Remark 2.4, we obtain 

{CD'^^^^iMM) = {C,C)c{CP,CP)il<P<oc). (17) 

Now we prove T-L{{(p{k))^; X) = 'H{{'ip{k))^; We will just take account of the case 
of = (1 < p < oo) and the proof of the case of = C(S") is analogous. 

For / G n{{tlj{k)Y;CP{8'')) (1 < p < oo, s G M), there exists gi G £P(S") such that 
(^(A:))^ Ykf = Yk gi (A; = 0, 1, 2, . . . ). Thus, 



X_ 

kTx 



{my = T^c-n^i (fc = i,2,...). 



It follows from ^ that C^' G {CP, CP). So, there exists c/2 e ^^(S") such that 
^^C,-^ n 51 = n 52 (A: = 0,l,2,...), 

that is, {my Ykf = Ife 52 (A; = 1,2, . . . ), in addition, ((^(0))^^/ = = 52, so 
/ G ^{{my;^)- Thus, ?^((^(A;))^;;f) C ^^(((^(A;))"; Af) . One wih similarly ob- 
tain that n{{my-,X) C ^{{{my-^X)- Hence, n{{^Q{k)y ■ X) = n{{<^{k)y ^) = 
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k=0 



X 



n{itp{k)y;X) =n{itpQik)Y;X). This completes the proof of Theorem 3.1. □ 
Remark 3.2 Define 

[f €X\ there exists g G /:p(S") such that '4}{k)Ykf = Ykg 
fork = 0,1,...] {X = /:p(S"), 1< p < oo) , 

|/ € there exists fj, E 7W(§") such that 

i^{k)Ykf = Ykidfi) fork = 0,1,...] {X = C\§^)) , 

^f e X\ there exists g G such that 

i^{k)Yuf = Ykg fork = 0,1,...] {X = C(S")) . 

Suppose V9o(x) and^Q{x) satisfy the hypothese of Theorem 3.1, then one can analogously 
prove that 

ni{{^^{k)y;x)=ni{{i,o{k)y;x) (-oo<s<oo), 

by the fact {M,M) = {C,C) C {0>,n') (I < p < oo) (see Remark 2.4). 
Theorem 3.3 Let a{x) and b{x) be polynomials with the same degree d. Suppose A and 
B are operators in X with multiplier sequences {a.(fc)}^Q and {&(A:)}^q respectively and 
both possess a-th power (a > 0). If a[x) and b{x) satisfy the hypotheses of Theorem 3.1 
and neither of a[x) and b{x) have any zero points on (0,+oo), then there hold 

Pi(^") =Pi(S"), Kj^c,{f,5)x-KBc.{f,5)x 

for all a > and 6 > 0. 

Proof. The idea comes from [7]. By Theorem 3.1, there holds 



ViiA"") = niiaik))'^; X) = 'H{{b{k))'' ; X) = Pi(S"). 



:i8) 



fc=0 



For g G V^{A^), set h := {'MVM^'a) = ET=o Hk)yYk{g) ~ B^'g. We show 



that 



\x < C{a,b,a,nQ)\\A'' g\\x ■ Setting ip{x) = (6(x)/a(x))" (x G [0,+oo)), it 



can 



be verified that 
that 



< C{a,b,a,l){l + x) (x > 1), from which it follows 















< 




■ (x) 


dui ■ ■ ■ du2 








^0 


x=k+ui+U2A f-Mi+i 



< C{a,b,a,l)- 



1 + k) 



1+2 ■ 



Thus, for I > X, one has 

oo 



< 



k=0 



k + l 
I 



4(^"<?) <C(a,6,a,/)M"9lU, 

?C 



(19) 
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here the first inequahty uses Abel transformations (/ + 1) times, and the second one 



is by 1^ and ([IS]). That is, WB'^gWx 



k=0 



< C{a,b,a,l) M"5||;t.. In 

X 



the same way, one has < C{a,b,a,l) \\B°'g\\p^. So, ||^°(?||;(^ f« ||S"(7||_;j^ for all 

g £ X. In addition, taking into account (jlSp . one obtains that for f G X, 

KA.{f,5) = inf hf -g^\\;^ + 5^A''gi\\x] 

inf {\\f -g2\\x + n\B''g2\\x]=KB'^{f.5) (5 > 0). 

This proves Theorem 3.3. □ 

4 Approximation for Semigroups of Contraction Opera- 
tors of Class ('^o) on the Sphere 

4.1 Equivalence between approximation by semigroups of exponential- 
type multiplier operators and fC-functional 

First, we prove the following lemma. 

Lemma 4.1.1 Let {T{t)\0 < t < oo} be a semigroup of class {'^q) in S{X) and also be 
multiplier operators with an exponential-type sequence {at(fc)}^o ' ^^^^ ^^fi'"^ 

exits {a(fc)}^o such that at{k) = e"(^)* (A: = 0, 1, . . . ). Then for r G Z+, 

C ViiA') (20) 

oo 

and A'^f ~ E (/ e V{A'')). Particularly, V{A) = Vi{A). Moreover, for 

k=0 

f € T>[A^) and g £ X such that {a{k)YYkf = Y^g (fc = 0, 1, . . . ), there holds 

{T{t) - ly f = f ■■■ f T{ui + --- + Ur)gdui---dur a.e., (21) 

here T>{A) and 'Di{A) is defined by ([TT]) and respectively. 

Proof. First we prove Vi{A) C V{A). Set / G Vi{A) and Tf e X such that 

oo 

Tf = J2 a{k)Ykf if G Vi{A)). For each fixed x G S", yfc(/)(a;) (A; = 0, 1, . . . , ) is a 

fc=0 

bounded linear functional on X, which can commute with Bochner integral Then, for 
A; = 0,1,2,..., 

n (^f^T{T){Tf) dr^ (x) = j\k {T{T){Tf)) (x) dr = j\^^^'^^Yu{T f){x) dr 
= f e'^W^a(A;) {Yuf) {x) dr = (e'^W* - 1) (n/) (x) = ^ {T{t)f - f) (x). 
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hence by uniqueness theorem, we have 



T{t) -I ^ 
t ■' ~ t 



T{T){Tf)dr a.e.. 



(22) 



{T{t)\0 < t < 00} is of class {'tfo) then by dSD, 



m-i 



t 



f-Tf 





-1 


X 


t Jo 


< 


sup 



T{T){Tf)-Tf]dT 



X 



0<T<t 



T(t) — I °° 
Therefore, / G V{A) and Af = s - hm / = T/ ~ '^a{k)Ykf (/ S V{A)), 

fc=0 

thus Vi{A) CV{A). 



Conversely, for / G V{A'') (r € Z+ 

/ ^a{k)t _ \ ^ ^ 



t 



r(t) - / 



/ (^) 



Yk(^J^ " ' i) ^^"^^ + ■ ■ ■ + • • • dUr^ (x) 



t 

^0 



t 



ga{fc)(«i+...+n,)^^^ • • • dUrYk {A^ f) (x) 

(a(fc))-'-yfc M7) (x) (fc = 0,1,2,...). 



where the second equality is by Proposition 1.1.6 in [6l P. 11-12]. Hence, Yfe {A^' f) (x) 
(a(A;))''n/ (A; = 0,1,2,...). Thus / G X'i(>l'-)- So C 
To prove (|2T]) . we notice that 



Jo Jo 



J ' J T{ui + • • • + Ur)gdui ■ ■ ■ dur^ (x) 

ga(fc)(ni+...+«0(a(fc))^ (Ykf) {x)dui ■■■dUr 

(e-^k)t _ ^Ykf) (x) = Yk{{T{t) - lYf){x) 



(23) 



with which uniqueness theorem for Laplace series yields the result. This completes the 
proof of Lemma 4.1.1. □ 

Remark 4.1.2 Suppose the hypotheses of Lemma 4. 1.1 are satisfied, by (|20p . 

KAr{f,t)x<K%.{f,t);^ {fex,t>0). 

By Ditzian and Ivanov's method (see \14:\ P. 73-76]), we obtain the following theo- 
rem. 
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Theorem 4.1.3 Let X and he defined in Section 2. Suppose that {T(t)|0 < 

t < 00} is a strongly continuous semigroup of contraction operators of class (^0) 
S'{X) and A is its infinitesimal generator and also T{t) is an exponential-type mul- 
tiplier operator for each t > defined, in Lemma 4- 1-1. For f G X and t > 0, 
T(t)f G T^i-A.) = Vii^A) and there exists some constant N independent of t and f 
such that 

t\\ATit)f\\x<N\\f\\;^ {forallt>0). (24) 
Then, for any r € there holds 

II ®'T{t)f-f\\^:^KAr{fX)x. 

To prove Theorem 4.1.3, we need the following remark that are not difficult to 
verify. 

Remark 4.1.4 Let {T{t)\0 <t< 00} be a semigroup of operators of class (^o)- Then 
for any f G X>(^'') (r G Z+) and t > 0, there holds T{t)f G V{A'') and A''T{t)f = 
T{t)A''f. IfT{t)f G V{A) for allfeX and all t > 0, then for r G Z+, T{t)f G V{A'') 
for all f e X. 

Proof of Theorem 4.1.3. The inequality || 0^ T{t)f - f\\x < CK^r (/, t'')x is not 
hard to obtain. We just give the proof of the converse inequality || ®^ T{t)f — f\\x > 
C{r)Kjir{f^t''). For any g G Vi{A^), there exists he X such that Ykh = a{k)Ykg {k = 
0, 1, 2, . . . ), then by Lemma 4.1.1, 

{T{t)-lYg= [ ■■■ [ f T{ui + U2 + Vur)hduidu2---dur, (25) 

7o Jo Jo 

which is a Bochner integral on [0,t]''. In the rest part of proof of Theorem 4.1.3, we 
also view A^ as r-th power of the infinitesimal generator of {T{t) \ <t < 00}. By the 
corollary of Hahn-Banach theorem, for / G V{A^~^^), there exists (p & X* such that 



/ + ^(_l)'T(H)/-(-l)'fX/ 



fe=i 



f+Y,{-iyT{kt)f-{-iYt^A'f 



k=l 



X 
(26) 

and \\ip\\x* = 1. Define F : [0,oo) ^ C by F{x) = ip{T{x)f) {0 < x < 00), then F G 
C''+^[0, 00) (C'"'''^[0, 00) is the space consisting of all r times continuously-differentiable 
functions on [0, 00)). By induction, we obtain that 

fW (x) = if {T{x)A'f) (i = 1, 2, . . . , r + 1). (27) 
Thus, ||i^('-+^H^)||c[o,oo) ^ \\^''^'f\\x- Therefore, 



sup 

a;>0 



Fix) + ^(-1)'' Q Fix + kt) - (-l)'-f FM(a 
k=l ^ 



<Lf+i\\A^+if\\^^ (28) 
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here we use the relation between finite differences and derivatives and the mean value 
theorem. Setting x = 0, then for i > and r there holds, by ([26]), and (|28]) 

that 



/+^(_i)fcT(fct)/-(-iriM7 



k=l 

On the other hand, 



<^\\A''^'fL- (29) 



t\\A^T{{N ^2)mx < ^PT(t)/|U, (30) 



here Remark 4.1.4 and (1241) are used. Then, there holds 



t\\AT{{N ^2)t)!\\x < \\T{{N + 2)t)f-T{{N + 2)t + t)f + tAT{{N + 2)t)f\\^ 

+ ||T((iV + 2)t)(r(t)/ -/)!!;, 

< ^1\\A'T{{N + 2)t)f\\;, + \\T{t)f - 

- 2(/+l) ^"-^^^^^ + ^ ^ " 

where the second inequality is because of (|29p in the case r = 1 and the third is due to 
(|30l) . Therefore, 

tpT((iV + 2)0/11;, < C(iV)||r(t)/ - fU, (31) 
where C{N) = {{N+l){N^+2)) /{N+2). Set m = r{N+2) and g = - {-lfT{kmt)f. 

k=l 

By T{t)f G V^A) and Remark 4.1.4, there holds g G 2:'(^^) for any G Z+. Then, it 
is deduced from (1311) that 



= 2^'T-i {t \\AT{{N + 2)t) (X-^T((m -N- 2)t)f) ||^ ^ 
< 2"C(A^)t"-i||X-iT((m -N - 2)t){T{t) - I)f\\^ 



< 2'^-iCiN)Y\UT{t)-lYf\ 



X- 



Thus, by Remark 4.1.2, one has K^r{f,V)x < K*^rif,r)x < \\f - g\\x + t'^WA'^gWx < 
(m^ + {2C{N)Y)\\{T{t) - lyfWx, which completes the proof of Theorem 4.1.3. □ 
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4.2 Approximation by operators with exponential-type multiplier se- 
quences 

Definition 4.2.1 Letp{x) he a polynomial from 'M. toM andO < 7 < 1, the exponential- 
type multiplier operator on X with p{x) and 7 defined by 

00 

T^{t)f:=Y,^~^''^'^'^'"ykf U^X) (32) 
fc=0 

and 

T^{0)f := /, (33) 

is called regular if the coefficient of first term is positive, p{0) = and the degree of 
p{x) is larger than 0. 

Remark 4.2.2 For f eX, T^{t)f = f* ^p^ ^, here 

Kt(^o.e) = ^f;e-(^W)^*^P,^(cos0). 
' ' fc=0 

Then, ipl/cos9) G and Tp!{t) € ^(;f). For r G Z+, 

00 

k=0 

Theorem 4.2.3 Let {Tp{t)\0 < t < 00} defined by ([32]) and ([33]) be regular exponential- 
type multiplier operators on X with p{x) and 7. For t > 0, the kernel ip^^[cos9) of 
Tp{t) is positive. Then {Tp(t)\0 < t < 00} forms a strongly continuous semigroup of 
contraction operators of class (%) and fort > and f E X, Tp(t)f G V{A). Moreover, 

||^^r;(t)/||^<^||/||;,, (35) 

here N is a constant depending only upon n, 7, p{x) and X . 
Proof. For ti,t2 > and / G one has that 

r;(ti) o r;(t2)/ = r;(ti + ta)/, (36) 

and ||99^i(cos(-))|Li = / (/jL(cos 6')(sm 61)^^ d9 = 1, which is by ([5]), the posi- 

^ Jo 
tivity of j(cos^) and ([3]). Thus, 

IIVW/L < lk^,t(cos(-))Li ll/k = ll/IU- (37) 

and also, 

^hm ||r;(t)/ - /II;, = (for ah/G^), (38) 
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which is by (|37|) . the contraction of Tp{t) and Banach-Steinhaus theorem as well as the 
fact that the collection of all spherical polynomials is dense in X. By Lemma 4.1.1, 
there holds for any / G ;f and t > 0, T^{t)f £ Vi{A]>) = V{A]>), and 



(39) 



k=0 



k=0 



Then we conclude by ([33]) . (f36|l . (f37|) and ([38]) that Tp{t) forms a strongly continuous 
semigroup of contraction operators of class ("^o)- 

Now we go to prove ([35]) . There exists constants c and c' such that 



cx^ < {p{x)y < c'xf^ {0 < X < oo, P = d-f), 
where d is the degree of p{x). Then, 



(40) 



\-A;T^{t)f\\ 



X 



k=l 

oo 

< 5'+i((p(A;))^e-(^'«)'*)A;' 

k=l 



I/I 



(41) 



where the first equality uses p(0) = and Abel transformations {I + 1) times and I is 
a positive integer larger than A = (n — 2)/2. 

It is necessary to estimate \Yl^=i^^^'^ {{p{k)V ^~^^^^'^'^''^^k^\ this moment. One can 
verify by induction that 



i=0 v=l j=l 

^d{miy+rij)-{niy+i) 



where < < i, < s^, < I — i, Uiy > I — i and Ni, N'- are all positive integers, 
Qivj (c? = 0, 1, 2, . . . ) is a polynomial with degree d and d{mm + fij) — {riiv + i) > 0. 



Thus, for X > 1, one has 



i=0 



i=0 



v=l 



i=0 



16 



Therefore, 



< 



1 /-i^^Y+i 

dx J 



^0 



{p{x)) 



^-{p{x))~<t 



x=k+ui+U2-\ 



dui ■ ■ ■ dui^] 



l+l 



i=0 



where C^' (i = 0, 1, • • • , Z + 1) are positive constants depending only upon p{x), 7, i and 
I. Hence, 



k=l 



l+l 



(42) 



i=0 k=l 



Now consider function a{x) = x^*"*"^)'^ ^^'^^ (i = 0, 1, . . . — (a(x)) = ^((« + 

1) + {-c(3t)x'^^x^^^^^'^~^e~'^^'^\ thus there exists integer ki>0 (may depend on t) 
such that a{k + 1) > a{x) > a{k) {1 < k < x < k + 1 < ki) and a{k + 1) < a(x) < a{k) 
{k + 1 > X > k > ki), here fc is a positive integer. Then from ()42p . 



Y^5'+\k^e-'^'''')k 



k=l 
l+l 



l+l 



i=0 ^ k=l 

l+l 



j=0 k=l 

I 1 J k-l 



~cxf>t {i+ 



k=ki+l ' 



< 



E(2c.'*-)/ 



-cxrH^li+i)l3~i^^ ^i 



t ' 



l+l 



where A^i = i^Yl 2C,'c-(*+i)i!j /3-^ Therefore, by (gl]), we obtain that ||^^Tp^(t)/||^ < 

— 11/11 AT, here N = CNi = N{p{x),^,n, X). The proof of Theorem 4.2.3 is completed. 

□ 

Theorem 4.2.4 Let Tp{t) (t > 0) be regular exponential-type multiplier operators on 
X with p{x) and < 7 < 00 and their kernels are positive, then there holds for r G Z_|_ 
that 

\\®^T;{t)f-f\U^K^Ajy{fX)x (43) 

for all f ^ X , here Ap with multiplier operators is the infinitesimal generator of 
{Tp!{t)\0 < t < 00} (see (^). Moreover, {®''T^{t)\0 < t < 00} is saturated with 
order 0{t'^) and its saturation class is — (p(/c) )'"''; Af) . 
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Proof. (j43p follows from Theorem 4.2.3 and Theorem 4.1.3. We now discuss the 
saturation property of {©^Tp'(t)|0 < i < oo}. Let Ap be the infinitesimal generator 
of Tp{t) and {"^rp t(^)}fe^o Gegenbauer coefficients of the kernel (pJpf{cos9) 

of e%^(t). Then, ^J„ticos9) = (l/|S"|) E ( 1 " (l " e-(PW)"*)'' ) ^^^^^(cos 0) E 
' ' k=o ^ ) X 

Ca(S"), and (pl^^lk) = {{k + A)/A) (l - (l - e-(PW)^*)'-) (A; = 0, 1, 2, . . . ). Thus, 

■ ^ (pjpi-{k) - 1 
^lim ^ + ^ = -(p(^)r (fe = 0,1,2,...). (44) 



In addition, 



I r ifj ticos 9) (sin 9f^ dO = 1. (45) 



and 



\\®'T^{t)f\\x<2''\\f\U. (46) 

Using Theorem 3.1 of ^ P. 220] (the c(0. A) there is actually |S"-^|/|§"| in (gS])), by 
gSD and (USD, one obtains that / e (- (p(/c))^^; ;f ) if ||e'^Tp^(t)/-/|U = 0{f) 
and / is a constant if |[ Tp{t)f — f\\x = o{f'). 

Conversely, suppose / G T-Li[ — {p{k)Y^; X) . First, for the case of ^ = £P(S"'), there 
exists g G Cp{S'^) such that -(p(x))'">'yfc/ = Ykg (/c = 0, 1, 2, . . . ). By Lemma 4.1.1, 



-^''T^it)f-f\\=UT^{t)-lYf 



p 



/ ■ ■ ■ / ^(""1 + U2 + ■ ■ ■ + Ur)g dui ■ ■ ■ duj 
Jo Jo 



— WdWp — 0{t^). The proofs for the cases oi X = £ (S") and C(S") are similar. So 
we just take the case of ^ = /^^(S") for example (the framework of the proof below 
is from [2, P. 229-231]). By hypothesis that / G - {p{k)Y'^ ] {^'^)) , there exists 
G 7W(S") such that 

- {p{x)rYkf = Yk{d^j) (A: = 0,1,...). (47) 

By Remark 2.2, the convolution ((/j^j * dfi){x) := / fpt{x ■ y)dfx{y) G C^{S^) 

and W^Ppt * dfi\\i < \\^p^t\\c\\\f^\\M = II/-*IIa^- For given d/i, h{t) = ip^^^ * d^ defines a 
vector valued function from (0, oo) to C^iE'^) and it can be verified that for any e > 0, 
h{t) = <fp^t-e * ifp,e *df^) = T^{t - e)h{e). Then for < e < t2 < < oo, one 
has \\h{ti) - h{t2)\\i = ||Tp'(ti-e)/i(e)-T;(t2-e)/i(e)||i < ||T;(ti - ta)/ - ^ 
{ti — > t2)> where (f38]) is used. Therefore, h{t) is strongly continuous in [e, cxd) {e > 0). 

Now, by J \\h{T)\\idT < J < II/^IIai it follows that h{t) is Bochner 

integrable on (0, t] for any t > 0. Similar with the proof of ()23p . for k = 0, 1,2, ... , 
Yk • • • 1^ (< * rf/^) rf^i • • • dur^ = Yu im^T^it)/ - /), hence. 
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eTjJ {t)f - f = j ■ ■ ■ j (^if'^^ („^+„2+-+Mr) * ^'") dui--- dur, from which it follows 
that II e''Tj7(t)/-/||i < ll^lUt'' = 0{f). This completes the proof of Theorem 4.2.4. 
□ 

5 Approximation for Generalized Spherical Abel-Poisson 
and Weierstrass Operators and Their Booleans 

We now apply the results of Section 4 to two special operators, the generalized spherical 
Abel-Poisson operators and the generalized spherical Weierstrass operators. 

The generalized spherical Abel-Poisson operators (also called generalized Abel- 
Poisson singular integrals) in ^{X) are defined as (see [5l P. 43-47]) 

oo 

f ■.= Y,'^M-k''t)YU = f (0<7<1, /G<^), 

fc=0 



where exp(-) is the exponential function and vl{cos6) is the kernel that ^/(cos 

A;=0 ^ 



oo _|_ \ 

(1/|S"|) exp(-/cTi)^— Pfc^(cos^) (0 < 6* < vr). For 7 = 1, set u = e"*, one has (see 



l-u 



2 



p. 212-2131) V'/ = l^u-n, = I _^-,_^_^_^/(,) rf.„(,) (0 < 
ti < 1), which is the classical Abel-Poisson summation on the sphere. For r G the 



r-th Boolean of is 



®'v^f = f-{i- v,^yf = E (1 - (1 - ^"''*) ) ^ '^)- 

fc=0 

The generalized spherical Weierstrass operators (also called generalized spherical 
Weierstrass singular integrals) are given by (see P. 84]) 

00 

W^^f = ^exp ( - {k{k + 2X)rt)Ykf = f*wl {0<K<1, feX), 

k=0 

00 jc A- \ 

here is the kernel that ti;^ (cos 0) = (l/|S''|) £ {-{Hk+2X))H)——P^{cose) (0 < 

fc=0 ^ 
6 < tt). For r G Z+, the r-th Boolean of W^^ is 

00 

Qrw-f = f-{I- Wn^'f = E (1 - (1 - e-('=('=+2A))«ty^ if G X). 

k=0 

The kernel of and W/^ are both positive, that is, for < < vr, t > 0, < 7 < 
1 < K < 1, v1{cos9) > and Wf{cos6) > which were proved in [^, [51 P. 43-47] and 
|21j . Therefore, by Theorem 4.2.3, one has the follow lemma. 



19 



Lemma 5.1 and are both regular exponential-type multiplier operators with 
positive kernels and with p{x) = x and p{x) = x{x + 2A) respectively and are both 
strongly continuous semigroups of contraction operators of class {'^q) and satisfy the 
Bernstein-type inequality (j35|) . 

Now we prove the equivalence between the approximation of the two operators and 
moduU of smoothness on the sphere. 

Theorem 5.3 Let {V^\Q < t < 00} (0 < 7 < 1) be generalized spherical Abel-Poisson 
operators in S'(X). Then for any < 7 < 1 and r € Z+, there holds for all f ^ X that 

Wv,y-f\\;,^oj'''{f,t'/''U. 

Proof. Set the infinitesimal generator of {Vj-'^jO < t < 00}. By ([M]) . for 

00 

(yyyf £ X and r e Z+, there holds (V^Yf ~ E {-k^ifYkf. By Lemma 5.1 and 

Theorem 4.2.4, 110'^^^'^/ - fW^ ~ K^y^yif ,t-)x . 

In Theorem 3.3, set a(x) = (— l)^/'''x^, h{x) = —x{x + 2A) and a = (rj)/!, as 
lim ((-lf/''a(x))/((-l)b(x)) = 1, a(0) = 5(0) = and g(t) = (l + 2Xt), (g(t))-^ = 
(1 + 2At)^i G C(2^+2)[o,+oo), we obtain that K^y-,Y{f,t)x « K^ri{f,t)x {t > 
0), then with m one obtains WV^^ - f\\^ « K^y,Y{f,f)x « K^r_,(f,e)x ~ 
u}^'^{f,t^/^)x- The proof of Theorem 5.3 is completed. □ 

We have the following similar result for generalized spherical Weierstrass operators. 
Theorem 5.4 Let {W^\0 < t < 00} (0 < k < 1) be generalized spherical Weierstrass 
operators in S'{X). Then for any < k < 1 and r € Z+, there holds for all f £ X that 

Finally, we discuss the saturation properties for the Booleans of and W^^. 
Theorem 5.5 For r e Z+, t > 0, e^'V^'^ (0 < 7 < 1) and e^'Wf (0 < k < 1), the 
following statements are true. 

(i) ®^V^' is saturated with 0{t^) and its saturation class is Tii{—k'^'^;X); 

(a) Q'^W^ is saturated with 0{t^) and its saturation class is T-li{—{k{k + 2X)Y'^; X); 

(Hi) Hi{-k^^; X) = 'Hi{-{k{k + 2A))^'''; X) if < 7 = 2k < 1. 

Proof, (i) and (ii) are deduced from Remark 5.1 and Theorem 4.2.4. (iii) follows 
from Remark 3.2 by setting iiQ{x) = (-l)^/('"'^)a;^, ipQ{x) = (-l)^/('''')a;(x + 2A) and 
s = rn. □ 
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